Existence of holey 3-GDDs of type (u, gtw1)  by Wang, J. & Yin, J.
ELSEVIER 
DISCRETE 
MATHEMATICS 
Discrete Mathematics 202 (1999) 249-269 
Existence of holey 3-GDDs of type (u, gtwl) 
J. Wang*, J. Yin 
Department of Mathematics. Suzhou University. Suzhou 215006, China 
Received 8 October 1997; revised 23 April 1998; accepted 22 June 1998 
Abstract 
In this paper, the necessary and sufficient conditions for the existence of a group divisible 
design with block size three, u groups, t holes of size ug and one hole of size uw are given. 
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1. Introdution 
A group diuisible design (or GDD) is a triple (X, 6, B) where X is a finite set (of 
points), 6 is a partition of X into subsets (called groups) and B is a set of subsets 
of X (called blocks) such that no block contains two distinct points of any group, but 
any other pairset of X occurs in exactly one block of B. 
The group-type (or type) of the GDD is the multiset { IGI : G E G} which is usually 
denoted by an ‘exponential’ notation: a group-type 1i2j3k . . means i occurrences of 
1, j occurrences of 2, etc. The notation K-GDD stands for a GDD having block-sizes 
from a set of positive integers K. When K = {k}, we simply write k for K. 
If we remove one or more sub-GDDs from a GDD, we obtain a GDD with holes. 
When a GDD has several holes which partition the point set, the GDD is referred to 
as a holey GDD (or HGDD). More formally, a K-HGDD is defined to be a quadruple 
(X, H, 6,LS) which satisfies the following properties: 
(1) X is a u(gl + . + g,)-set (of points), 
(2) G={Gl,. . . , G,} is a partition of X into u groups of C:=, gi points each, 
(3) H={Hi,...,H,} is another partition of X into t holes; each hole H, (1 <i <t) is 
a set of Ugi points such that IHifIGjl = gi for 1 <j < U, 
(4) B is a collection of subsets of X (called blocks) such that (B( E K for every 
B E l3, where K is a set of positive integers, 
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(5) no block contains two distinct points of any group or any hole, but any other 
pairset of X occurs in exactly one block of t3. 
If H contains ti holes of size ugi, 16 i < r, we then use an exponential notation g: . . . g: 
to denote the multiset T = {gi : j = 1,2, . . . , t} and call (u, T) the type of the design. 
By a k-HGDD we mean a K-HGDD with K = {k}. 
A k-HGDD (u, 1’) is defined as a modrjied GDD (MGDD) by Assaf [l]. It is 
obvious that the existence of a k-HGDD(k, T) is equivalent to that of k - 2 hoZey 
mutually orthogonal Latin squares (or HMOLS) with type T (see, for example, [4]). 
So an HGDD can be thought of as a natural generalization of MGDD and HMOLS. 
HGDDs are of fundamental importance in combinatorial design theory, being of 
interest in their own right, as well as having many applications in the construction 
of other types of designs (see, for example, [2, 22, 231). Research on the existence 
of k-HGDDs(u, g’) has been very active, especially for the case u = k (see [4, 17, 
IS]). Assaf [l] provided a complete solution for the existence of a 3-HGDD(u, 1’). 
This result was generalized subsequently by Wei [19]. We write these results into the 
following theorem. 
Theorem 1.1. The necessary and sujficient conditions for the existence of a 3- 
HGDD(u,g’) are that t>3, u>3, g(t-l)(u-I) E 0 (mod 2) andg*tu(t-l)(u-1) = 
0 (mod 6). 
Since the existence of a holey Latin square of type grw’ was determined by Heinrich 
[ 131, we have the following theorem. 
Theorem 1.2. Let g, t and w be integers. Then there exists a 3-HGDD (3, g’w’) if 
and only tft = 2 and g = w; or t>3 and Odwdg(t - 1). 
It is our purpose in this paper to determine the existence spectrum of 3-HGDDs(u, 
g’w’ ). By simple calculation, we have the following lemma. 
Lemma 1.3. The necessary conditions for the existence of a 3-HGDD(u, gfwl) are 
(1) u>3,t=2andg=w; or 
(2) u>3, ta3, Odw<g(t - l), gt(u - 1) E O(mod2), (U - l)(w - g) E 0 
(mod 2) and gtu(u - l)(g(t - 1) -w) z 0 (mod 3). 
Now we must deal with the real issue: su$iciency. Since the case g = w was handled 
in Theorem 1.1, we can restrict ourselves to case (2) with w > 0 and w # g in Lemma 
1.3 throughout the paper. 
2. Direct constructions 
We assume that the reader is familiar with Bose’s mixed difference method. If not, 
the reader is referred to [S, 61. 
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Suppose (X,H,G,B) is a 3-HGDD (5, g”w’) with 6 = {(&, U {cd’), . . ., cdw)})x 
G}:~EZ~} andH = {{O+i,t+i,...,(g-l)t+i}xZs:i E Zt}U{{cc (1) ,..., c&‘)} x Zs}, 
where g(t- 1)-w E O(mod 3). Let q = (g(t- l)-w)/3. For ease of notations we write 
(x)i or xi for (x, i). Consider the base blocks defined on (Z,, U {cd’), . , cd”)}) x Zs 
by filling the gaps in the following patterns: 
~00~0l~04~ I ~00~01~03~ I 
(i) {00~01,04) 
I 
(ii) {00~01,03) q, 
I 
4, 
2w . 
{Oo, 01~03~ I 
For the desired block set i3, we develop these base blocks over Z,, x Z,. We then 
need to check the differences. Once parts (i) and (ii) are constructed properly, that is, 
they produce different (d, 1) and (d, 2) differences where d @ D = (0, t,. . . , (g - l)t}, 
part (iii) can be constructed easily. For example, if d E Z,,\D does not appear as 
a (d,2) difference from parts (i) and (ii), we can take one block {c@,dl, 04} 
in part (iii). In this way, we can obtain a 3-HGDD (5, g’w’) where g(t - 1) - w = 
O(mod 3) if the (d, 1) and (d,2) differences from parts (i) and (ii) are mutually 
distinct and d # D. 
Now, we apply the above method to construct some 3-HGDDs (5, g’w’ ) in 
Lemmas 2.1-2.3. 
Lemma 2.1. There exists a 3-HGDD (5, 1’~‘) wheneoer 
(1) t s 1 (mod3), t34, w E 0 (mod3) and (t - 1)/4 < w<t - 1; or 
(2) t = 2 (mod3), ta5, w - 1 (mod3) and (t - 1)/4 < w<t - 1. 
Proof. In the construction just described, put q = (t - 1 - w)/3 >O (note that g = 1). 
The base blocks in patterns (i) and (ii) are chosen as follows : 
{009(2q+w+ lh,&+w)4) 
6) {00,&+w+2h,GQ+w- 114) 
4, (ii) 4. 
{Oo,(3q+whiq+w+ 1141 
The blocks in part (i) produce differences (d, 1) for d = q + 1, q + 2,. . . ,2q and 
2q+w+ 1,2q+w+2,..., 3q + w, and those in part (ii) produce differences (d, 1) for 
d = 1,2,..., q. These 3q differences are different and not zero. 
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We have differences (d,2) for d = 1,3,. . . ,2q- 1 from part (i), and 2,. . . ,2q-2,2q; 
q+w,q+w+l, . . . . 2q+w- 1 from part (ii). Since (t- 1)/4 < w<t- 1, 2q < q+w. 
Therefore, these differences are different and not zero. This completes the proof. 0 
Lemma 2.2. There exists a 3-HGDD (5, 2’~’ ) whenever 
(1) t z 1 (mod3), t>4, w = 0 (mod3) and (t - 1)/2 < w62(t - 1); or 
(2) t = 2(mod3), t>5, w = 2 (mod3) and (t - 1)/2 < w<2(t - 1). 
Proof. In this case, put g = 2 in the earlier construction, obtaining q = (2(t- I)- w)/3. 
Then the base blocks in patterns (i) and (ii) are: 
{Oo,(2q+w+2)1,(2q+w+ 114) 
0) {oo,(~g+~+~~l,~~~+~~4~ 
4. 
{00,(3q+w+ li,(q+w+2)4) 
Note that since (t - 1)/2 < w <2(t - 1 ), we have 
q+w+l >2q+19t=(3q+w+2)/2>2qandq+w+1 >t. 0 
Lemma 2.3. There exists a 3-HGDD (5, g’w’) where (g,t,w) E {(1,3,2), (2,6, l), 
(2,7,3),(2,11,5),(3,3,6),(4,4,9),(5,5,2)}. 
Proof. The base blocks are listed in the appendix. 0 
Lemma 2.4. There exists a 3-HGDD (5, gfw’) where (g,t, w) E {(2,3, I), (3,3,4), 
(3,3,5)). 
Proof. For each stated triple (g, t, w), we take X = (Z, x Z, U {edi) : i E ZW}) x Z,, 
6 = {(Zt x z, u {m(i) : i E Z,}) x {j}:j E Zs} and H = {({i} x Zs) x Zs :i E 
Zt} U { {di) : i E ZW} x Zs}. To simplify notation the points of Z, x Z, x Z5 are 
denoted by (i,j), and the points of {coci) : i E ZW} x Z, by co:‘, where k E Z5. The 
base blocks listed in the appendix are developed over Z, x (0) x Zs. 0 
3. Construction via GDDs 
The significance of GDDs to our construction for 3-HGDDs is seen in the following 
construction, which is a modification of the PBD construction for MOLS (see [7]). 
Construction 3.1. Suppose that there exist a K’-GDD of type T and a 
K-HGDD(u, lh) for each h E K’. Then there exists a K-HGDD(u,T). 
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3.1. The known results on related GDDs 
For all practical purpose, we record some existence results concerning GDDs. Using 
the notation of the introduction a pairwise balanced design (PBD) of index unity, B(K, 
1; v), is defined to be a K-GDD of type 1 . L’A transversal design, TD(k,n), is defined 
as a k-GDD of type nk. A B(K U {w*}, 1; v) is a K-GDD of type la-“‘wl. Note that 
a B(k,l;v) is known as a balanced incomplete block design (BIBD) with parameters 
v, k and index unity. A TD(k,n) is equivalent to k - 2 mutually orthogonal Latin 
squares (MOLS) of order n. 
A parallel class in a design is a set of blocks that partitions the set of points. If 
the blocks of a design can be partitioned into parallel classes, then the design is said 
to be resolvable. We write RGDD, RTD and RBIBD with the appropriate parameters 
to indicate a resolvable GDD, TD and BIBD, respectively. It is well known that the 
existence of an RTD(k, n) is equivalent to that of a TD(k+ 1, n). The following results 
are known. 
Lemma 3.2 (Hanani [12]). There exists a 3-GDD of type gU if and only if ~23, 
(u - 1)g z 0(mod2) and u(u - 1)g2 = O(mod6). 
Lemma 3.3 (Colboum et al. [lo]). Let g, w and t 23 be positive integers. There 
exists a 3-GDD of type g’w’ zf and only if w < g(t - l), gt 5 w - g E 0 (mod 2) 
and gt(g(t - 1) - w) E 0 (mod3). 
Lemma 3.4 (Abel et al. [3]). (1) There exists a TD (5, t) for every integer t 24 and 
t # 6,lO. 
(2) There exists a TD(6, t) for every integer t 25 and t # 6, 10, 14, 18 and 22. 
(3) There exists a TD(7, t) for every integer t 27 and t E 1, 5 (mod6). 
Lemma 3.5 (Gronau and Mullin [ll]). Let v >3 be an integer and B(K) = {v : a 
B(K, 1; v) exists}. Then 
(1) v E B((3)) if v = 1,3(mod6); (2) v E B({3,4}) if v s 0 or 1 (mod3) and 
v # 6; (3) v E B({3,5}) if v = 1 (mod2). 
Lemma 3.6 (Rees [16]). There exists a 3-RGDD of type gU if and only if u 23, 
g(u - 1) s 0 (mod 2), gu = 0 (mod 3) and (g, u) 9 ((2, 3), (2,6), (6,3)}. 
Lemma 3.7 (Rees [lSj). Let ma1 and O<rd2m, (m,r) # (1,2) or (3,6). Then 
there exists a (2, 3}-RGDD of type (2m)3 with r parallel classes of blocks of size 3 
and 4m - 2r parallel classes of blocks of size 2. 
In the sequel, we use the notation (3, ty-GDD to indicate a (3, t}-GDD of type gtw’ 
on set X with a group G of size w, where t # 3 and the set of all blocks of size t 
form a partition of X\G. Note that a {3,9-GDD of type gf is a 3-HGDD (t, 1”). The 
following result is contained in [lo]. 
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Lemma 3.8. Let g 3 l,S(mod6),g > 1, ta4 be even and O<s<g(t - 1) where 
s E 0(mod6) ifg = 1 (mod6); s E 4(t - l)(mod6) and s34(t - 1) ifg E 5(mod6). 
Then there exists a (3, q-GDD of type g’s’. 
A GDD with one hole is referred to as an incomplete GDD (or IGDD). More 
formally, an IGDD is a quadruple (X, Y, G, B) where X is a set of points, Y c X, G is 
a partition of X into groups, l3 is a set of blocks, each block intersects each group in 
at most one point, no block contains two members of Y and every pair of points {x, y} 
from distinct groups, such that at least one of x, y is in X\ Y, occurs in a unique block 
of I?. 
The type of the IGDD is the multiset {([Cl, IG n Y]): G E 6). As with GDDs, we 
use an ‘exponential’ notation for its description. The notation K-IGDD means an IGDD 
with block-sizes from K. Note that if Y = 0, then the IGDD is a GDD. 
Lemma 3.9 (Miao and Zhu [14]). There exists a 3-IGDD of type (v, n)’ if and only 
if v>2n, v(u - 1) = O(mod2), (v - n)(u - 1) 3 0(mod2) and u(u - l)(v2 - n2) 3 
0 (mod 3). 
3.2. Some new GDDs 
In order to obtain the required 3-HGDDs, we need to build more families of GDDs. 
Our basic construction for GDDs is Wilson’s fundamental construction (FC). 
Theorem 3.10 (Wilson [20]). Suppose that (X, G,t?) is a GDD, and let o :X -+ 
Zf U (0) be a weighting function. If we have a K-GDD of type {w(x):x E B} 
for each B E ,t3, then there exists a K-GDD of type {CXCc o(x) : G E CT}. 
We shall make use of ‘filling in holes’ Construction, FH (see, for example, [lo]). 
Theorem 3.11. Let (X, 6, B) be a 3-GDD with group sizes 91,. . . , gm. Let t 23. If 
there exist K-GDDs of type giw’, i = 1 , . . . , m, then there exists a (KU {3})-GDD of 
type IX(‘w’. 
We can add a ‘point at infinity’ to any parallel class in an existing design to produce 
a new design. A similiar method can be applied to a (3, t?-GDD. 
Theorem 3.12. Zf there exist a (3, g-GDD of type g’wl and a K-GDD of type l’wi, 
then there exists a (K U {3})-GDD of type g’(wl + ~2)~. 
Now, we work towards the construction of GDDs. We are mainly concerned with 
the existence of (3, 5}-GDDs and (3, 4}-GDDs. 
J. Wang, J. Yinl Discrete Mathematics 202 (1999) 249-269 255 
Lemma 3.13. (1) Let ta2 be even. Then there exists a {3,0-GDD of type 2’(t- 1)‘. 
(2) Let t and e be even integers satisfying O<e<2(t - 1) and (t,e) # (2,0) or 
(6,0). Then there exists a (3, I)-GDD of type 3’e’. 
Proof. (1) Delete a point from a TD(3, t) which exists trivially. 
(2) By Lemma 3.7, there exists a (2, 3}-RGDD of type t3 with e parallel classes 
of pairs and (2t - e)/2 parallel classes of triples. Taking a parallel class of triples as 
groups creates a (2, 3, t}-RGDD of type 3’. The (3, o-GDD is formed by adjoining 
a new point to each parallel class of pairs. 0 
Lemma 3.14. Let g G 1,5 (mod6), w E 1 (mod 6) and w 639. Then there exists u 
{3,5}-GDD of type g4w’. 
Proof. Apply Theorem 3.12 to a (3, 4”}-GDD of type g4(w - 1)’ from Lemma 3.8 
(t = 4). In this way, all cases are handled except the case g E 5 (mod6) and w E {1,7}. 
For (g,w) = (5,l) or (ll,l), apply Theorem 3.12 to a 3-HGDD (4, 1”) 
(Theorem 1.1). 
For (g,w) = (5,7), give weight 3 to one point of a TD(5, 5) and weight 1 to all 
other points. Then apply FC, using a 3-GDD of type 1431 and a 5-GDD of type 15. 
For (g,w) = (11,7), using a TD(5,7), we give weight 3 to two points in each of 
the first four groups and weight 1 to all other points, then apply FC. The ingredients 
used here are (3, 5}-GDDs of types 1 5, 143’, 1332 ([9]), 1233 (see the appendix) and 
341’ (Lemma 3.3). 
Finally, apply FH to a 3-GDD of type 32”51 from Lemma 3.3 to yield a (3, 5}-GDD 
oftypeg4w’ whereg=6n+5>17andwE{1,7}. 0 
Lemma 3.15. There exists a {3,5}-GDD of type g4w’ whenever 
(i)grl(mod6)andw=g-2ifg>7;w=g-8ifg313; 
(ii) gr5(mod6), gall undw=g-6; or 
(iii) g = 5 and w = 11. 
Proof. For (i) and (ii), apply FC to a TD(5, w), as we did for the case (g,w) = 
(11, 7) in Lemma 3.14, weighting (g - w)/2 points in each of the first four groups 
by 3 and all other points by 1. For (iii), give weight 3 to three points in the last group 
of a TD(5, 5) and weight 1 to all other points, then apply FC. 0 
Lemma 3.16. Let g E 1 (mod6), w E 3,5 (mod6) and w d7g. Then there exists a 
{3,5}-GDD of type g’w’. 
Proof. For (g,w) = (1,3), the desired GDD is a B((3, 5*},1; 11). For (g,w) = 
(1,5), we obtain the desired GDD by adding one new point to each group of a 
TD(3,4). 
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When 987, take a (3, 8}-GDD of type g’,s’ from Lemma 3.8 with t = 8, where s 
is chosen such that w - s E {3,5}. Then the result is obtained by applying Theorem 
3.12 with a (3, 5}-GDD of type 18(w - 3)‘. 0 
Lemma 3.17. Let (g,w) E {(5,1),(5,3),(5,7),(11,1), (11,3), (11,7), (11,9), (23, I), 
(23,3), (23,7)}. Then there exists a {3,5}-GDD of type g8w’. 
Proof. For g = 5 and w E {1,3,7}, apply Theorem 3.12 to a 5-HGDD (8, 15) obtained 
from an RTD(5, 8), using a (3, 5}-GDD of type I’Iv’ from Lemma 3.2 or 3.16. 
For g = 11 and w E {1,3,7}, apply Theorem 3.12 to a (3, 5}-HGDD (8, 1”) which 
is obtained by applying Construction 3.1 to a {3,5}-GDD of type 1” (B({3,5*}, 1; 
11)) with a 3-HGDD (8, 13) and a 5-HGDD (8, 15). For g = 11 and w = 9, take a 
TD(9,9) and apply FC giving weight 3 to eight points in some block and weight 1 to 
all other points. 
For g = 23 and w E { 1,3,7}, take a 3-GDD of type 365’ from Lemma 3.3 and 
apply FH with {3,5}-GDDs of types 38w’ and 58w’. The conclusion follows. 0 
Lemma 3.18. (1) There exists a {3,4}-GDD of type g3w’ where (g,w) E {(2,3), 
(3, I), (3,2), (4, l), (4,3), (4,5),(4,7),(6,1),(6,3),(6,5), (6,7),(6,9), (6,ll)). (2) 
There exists a {3,4}-GDD of type g%’ where (g,w) E ((4, l), (4,3), (6, l), (6,3), 
(6>5)]. 
Proof. Adding one new point to a 3-HGDD (3, 16) gives a (3, 4}-GDD of type 631’. 
For the other required designs, each of them can be obtained by adding w new points 
to an appropriate RGDD in Lemmas 3.6 and 3.7. 0 
Lemma 3.19. There exists a {3,4}-GDD of type g4(2n)’ where g E {3,9} and 
2<2n < 3g. 
Proof. When g = 3, the result for 2n E {2,4} follows from Lemma 3.13 (2) with 
t = 4. For 2n = 6, take an RB((2, 3},1; 12) with four parallel classes of triples and 
three parallel classes of pairs ([15]) to obtain a (2, 3}-RGDD of type 34. Adding six 
new points to this RGDD gives the result. For 2n = 8, by Lemma 3.3 we have a 
3-GDD of type 347’ on set X with a group G of size 7. Since each point of X \ G 
exactly appears in one block which contains no point of G, the GDD has four blocks 
which partition X \ G. Adding a new point to these four blocks creates the desired 
design. 
When g = 9, take the point set as Z9 x Z4 U { FVi : 1 <i 64}, where 1 Wil = 2wi 
satisfying ET=, 2wi = 2n, 0 d wi 6 3 for 16 i< 3 and 0 <w4 <4. Now start with an 
RB(3,l; 9) based on Z,, and place a (3, 4}-GDD of type 34(2wi)’ (Lemma 3.13) on 
B x Z4 U Wj for each block B of ith parallel class (1 <i63). Then remove all blocks 
of size 4 in these GDDs, and place a (3, 4}-GDD of type 34(2w4)’ on B x Z4 U W4 
for each block B of the fourth parallel class. This yields the desired design. ??
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Lemma 3.20. There exists a {3,4}-GDD of type g4(2n + 1)’ where g E {6,12,18} 
and2n+ ld3g. 
Proof. When g = 6, the existence of a 3-RGDD of type 64 handles all 2n + 1 < 9. For 
2n + 1 = 11, take a 4-GDD of type 35 [8] and give weight 2 to each point in the first 
four groups, weight 4 to two points in the last group, and weight 3 to the remaining 
point. Then apply FC with the necessary input designs from Lemmas 3.2, 3.3 and 3.18. 
For 2n + 1 E { 13,15,17}, note that in the group of size 6 of the (3, 4}-GDD of type 
346’ in Lemma 3.19, there are exactly 3 points, say x1,x2,x3, contained in the blocks 
of size 4. We weight all points but Xi (1 <i <3) by 2, and weight xi by wi such that 
2 d w; d 4 and wr + w2 + w3 + 6 = 2n + 1. Then apply FC to get the desired GDD. 
When g = 12, take a TD(5,4), then apply FC giving weight 3 to each point in the 
first four groups and weight w; (16 i 64) to each point in the last group such that 
Cf=, wi = 2n + 1 and 0dwi<9 (1 <i64). 
When g = 18 and 0 <n < 17, take a 4-GDD of type 35, then apply FC giving weight 
6 to each point in the first four groups and weight wi (1 <i < 3) to each point in the 
last group such that 0 < wi < 12 and ,& wi = 2n + 1. For 18 dn < 26, apply FC to 
the {3,4}-GDD of type 346’ in Lemma 3.19, weighting wi to xi (1 bi<3), where 
6<~i<12andC;~,wi+18=2n+l, and6 toallotherpoints. 0 
3.3. A few families of 3-HGDDs 
Applying Construction 3.1 to the GDDs shown in Lemmas 3.3 and 3.14-3.20 gives 
us the following existence results concerning 3-HGDDs, since 3-HGDDs (4, 13), (4, 15), 
(5, 13), (5, 14), (6, 13) and (6, 15) all exist by Theorem 1.1. 
Lemma 3.21. Let u E {4,6}. Then there exists a 3-HGDD (u, g4w’) whenever 
(1) g E 1,5(mod6), w = 1,3(mod 6) and wG3g; 
(2) g- l(mod6), w=g-2 ifgb7; andw=g-8 ifg>l3; 
(3) g = 5(mod6), gall and w = g - 6; or 
(4) (g,w) = (5,ll). 
Lemma 3.22. Let u E {4,6}. Then there exists a 3-HGDD (u, g8w1 ) whenever 
(1) g E 1 (mod6), w E 1 (mod2) and w<7g; or 
(2) (g,w) E ((5,w): w = 1,3,5,7}U{(ll,w): w = 1,3,5,7,9}U ((23, w) : w = 1,3,5,7}. 
Lemma 3.23. There exists a 3-HGDD (5, g3w’) where (g, w) E ((2, w): w = 3,4} u 
{(3,w):w= 1,2}U{(4,w):l<w~8}U{(6,w):1~w~12}. 
Lemma 3.24. Let g E {3,6,9,12,18}, and w be an integer such that 1 <w Q 39. Then 
there exists a 3-HGDD(5, g4w1 ). 
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Lemma 3.25. There exists a 3-HGDD(5,g6w’) where (g, w) E ((3, l)}u{(4,w): 16 
w63}U{(6,w):l<w65}. 
4. Recursive constructions 
The present section is devoted to some recursive constructions for HGDDs. Con- 
struction 3.1 starts with a GDD. To generalize this, we start with an HGDD to establish 
the following construction. 
Construction 4.1. Suppose that the following designs exist: 
(1) a K-HGDD(t, l’+‘); 
(2) a k-HGDD(u, m h-‘n’) for each h E K; 
(3) a k-HGDD(u, mh) for each h E K satisfying h <I-; 
(4) k-HGDDs(u, m’w’) and (u, ntwl). 
Then there exists a k-HGDD (u, (rm + n)‘w’). 
Proof. Let H = {Hi,..., H,., T} be the hole set of the giving K-HGDD(t, lr+’ ) based 
on X, t3 its block set, and 6 its group set. Assign weight I, to each point x E X. 
Let {LX : x E X} be pairwise disjoint sets with IL,1 = IX, where 1, = II if x E T, and 
I, = m if x E X \ T. Write L z = IJxEZ L, for 2 CX. Now we construct the desired 
HGDD on point set X* = (LX U W) x Z,, where W n LX = 0 and [WI = w. 
For each block B E I3 (1B1 = h), on LB x Z,, construct a L-HGDD (u, mh-‘n’) if 
B intersects T, and a R-HGDD (u, mh) otherwise. Write AB for its block set. For 
each j(1 <j<r), put a k-HGDD (u, m”w’) on (Ln, U W) x 2,. Let Ani be its 
block set. Finally, construct a R-HGDD (u, n’w’) on (LT U W) x Z,. Denote its 
block set AT. Let A* = (UBEa AB) U (u;=,&,) U AT, G* = {C&Y U WI x {j): 
j E Z,}, H* = {Lo x Z, : G E G} U { W x Zu}. Then (X*, H*, G*,A*) is a R-HGDD 
(2.4, (em + n)‘w’). 0 
In a similar way, we have the following construction which starts with an IGDD. 
Construction 4.2. If there exist a K-IGDD of type (u, n)‘(w, r)’ , a k-HGDD(u, lb) for 
each h E K, and a k-HGDD(u, n’r’ ), then there exists a k-HGDD(u, u’w’ ). 
Theorem 4.3. Let 939, g # 23, g and w be odd integers. Let t 24 and e be even 
integers such that 26e<2(t - 1). Zf there exists a 3-HGDD(u, (g - m)‘w’) where 
m = 0 (mod 6), 4m d 3(g + 1) and [w/e] + 1<(2m - g - 1)/2, then there exists a 
3-HGDD (u, g”w’). 
Proof. Since a 3-HGDD(u, 13) exists by Theorem 1.1, and a 3-HGDD(u, (g-m)‘w’) 
exists by assumption, the required HGDD is produced by applying Construction 4.2 to 
a 3-IGDD of type (g,g - m)‘(w, w)’ which is constructed as follows. 
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Since ga9 (g # 23), m E 0(mod6) and 4m<3(g + l), from Lemma 3.7 we have 
a (2, 3}-RGDD of type (m/3)3 with (2m - g - 1)/2 parallel classes of triples and 
g - 4m/3 + 1 parallel classes of pairs. Then replace each group by an RB(2,l; m/3) to 
form an RB((2, 3},1; m) which has g - m parallel classes of pairs, say P’,...,Pg_,, 
and (2m - g - 1)/2 parallel classes of triples, say T’ , . . . , T,. (r = (2m - g - 1)/2). Let X 
be the point set of this RBIBD, Y = {yi : 1 <j<g - m}, and W be a w-set satisfying 
XnY=Xnw=Ynw=0. 
For each pair B in Pj (1 <j<g -m), construct a 3-HGDD(t, 13) on ({vi} U B) x Z,. 
Let y1 = [w/e]. Now partition W into n + 1 subset Wj (1 <<j <<n + 1) such that 1 Wil = e 
for 1 =Q<n, and 1 FVn+,) = w - ne. For each triple B in Tj (1 <j<n), construct a 
(3, o-GDD of type 3’e’ with group set {B x {i}: i E Zt} u Wj, which exists by 
Lemma 3.13. For each triple B in TN+‘, construct a 3-GDD of type 3’(w - ne)’ with 
group set {Bx{i}:i E Z,}UW,+,. For each remaining triple, construct a 3-HGDD(t, 13) 
on B x Z,. Finaly remove all blocks of size t in each (3, t@GDD obtained above to 
create a 3-IGDD of type (g,g - m)f(w,w)’ based on (X U Y) x Z, u W. ??
As an immediate consequence of Theorem 4.3, we have the following results which 
will be used later. 
Corollary 4.4. Let ga 9, g # 23, g and w be odd integers. If there exists a 3- 
HGDD(u, (g - m)4w’) where m E O(mod6), 4m63(g + 1) and Lw/6J + 16 
(2m - g - 1)/2, then there exists a 3-HGDD(u, g4w’). 
Proof. Take t = 4 and e = 6 in Theorem 4.3. 0 
Corollary 4.5. Let g>,9, g # 23, g and w be odd integers. If there exists a 3- 
HGDD(u, (g - m)%‘) where m E O(mod6), 4m<3(g + 1) and Lw/l2J + l< 
(2m - g - 1)/2, then there exists a 3-HGDD (u, g8w’). 
Proof. Take t = 8 and e = 12 in Theorem 4.3. ??
Now we tackle the outstanding case g = 23 in Corollaries 4.4 and 4.5. 
Lemma 4.6, Let w>3 be odd satisfjiing [(w - 3)/6J + 1<5. rf a 3-HGDD(u, 54w’) 
exists, then there exists a 3-HGDD(u, 234w’). 
Proof. Firstly, from a (2, 3}-RGDD of type 63 in Lemma 3.7 we have an RB((2, 3}, 
1; 18) with five parallel classes of triples and seven parallel classes of pairs. So we can 
employ the same technique as we did in the proof of Theorem 4.3 to obtain a 3-IGDD 
of type (23,5)4(w,w) ‘. Note that here two parallel classes of pairs of the RPBD are 
used to create a 3-GDD of type 24 and a (3, a}-GDD of type 243’ (Lemma 3.13) 
respectively, and the (n + 1)th parallel class of triples is used to create a (3, 4”}-GDD 
of type 34(w - 3 - ne)’ where n = L(w - 3)/6j, e = 6. ??
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Lemma 4.7. Let w>9 be odd satisfying [(w - 9)/12J + 165. If a 3-HGDD(u, 58w’) 
exists, then there exists a 3-HGDD(u, 238w1). 
Proof. The proof is similar to that of Lemma 4.6 except that two parallel classes of 
pairs in an RB((2, 3},1; 18) are used to create a 3-GDD of type 29 and a (3, 8}-GDD 
of type 287’ (Lemma 3.13) respectively, and the (n + 1)th parallel class of triples 
is used to create a (3, 8}-GDD of type 38(w - 9 - ne)’ where R = [(w - 9)/12j, 
e = 12. 0 
We now mention some general constructions. The first two constructions are obtained 
by replacing the input design in Wilson’s Construction for MOLS [21] by HGDDs and 
IGDDs respectively. 
Construction 4.8. If there exist a TD(u+ 1,g) and a k-HGDD (u, &wj)for 1 didg, 
then there exists a k-HGDD(u, (mg)‘w’), where w = WI + . . + wq. 
Construction 4.9. If there exist a TD (U + 1, t) and a k-IGDD of type (g + wi,Wi) 
for 1 di < t - 1, then there exists a k-HGDD(u, g’w’ ), where w = WI + . . . + wt_l. 
The next two constructions can be found in [ 19, 241. 
Construction 4.10. Suppose there exist a K’-GDD of type mu and a K-HGDD(h, 
g:] . . .g:‘) for each h E K’. Then there exists a K-HGDD(u, (mgl)tl . . (mg,)“). 
Construction 4.11. Suppose there exist a B(K’, 1; v) and a K-HGDD(h, g:’ . . ’ g$) for 
each h E K’. Then there exists a K-HGDD(u, g: . . . gt). 
The following constructions is simple but very useful. 
Construction 4.12. (1) Suppose that a K-HGDD(u, (mg)‘w’) and a K-HGDD(u, g”n’) 
exist. Then there exists a K-HGDD (u, gmt(w + n)‘). 
(2) Suppose that a K-HGDD(u, g’(rg + w)’ ) and a K-HGDD(u, g’w’) exist. Then 
there exists a K-HGDD(u, g’+‘w’). 
5. Existence of 3-HGDDs(u, g’w’) for u E {4,6} 
In this case since we only require g # w, by Lemma 1.3 a 3-HGDD(u, g’w’) exists 
only if t > 3, w <g(t - 1) and both g, w are even, or both g, w are odd and t is even. 
Now we deal with the sufficiency. 
Lemma 5.1. Let u E {4,6}, t>3, and both g, w be even sutzfying w dg(t - l), then 
there exists a 3-HGDD(u, g’w’). 
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Proof. Since a 3-GDD of type 2” exists by Lemma 3.2, and a 3-HGDD(3, (g/2)‘(w/2)‘) 
exists by Theorem 1.2, the conclusion follows from Construction 4.10. 0 
Lemma 5.2. Let u E {4,6}, g E 1,5 (mod6), and w odd satisfying 1 d w <3g. Then 
there exists a 3-HGDD (u, g4w’). 
Proof. By Lemma 3.21(l), we need only handle the case g > 1 and w z 5 (mod6). 
When g < w d 3g and (g, u) # (5,6), take a TD(u+ 1,s) from Lemma 3.4. Applying 
Construction 4.8 with m = 1 and suitable wi E { 1,3} (1 <i < g) gives the desired result. 
For (g,u) = (5,6), the result was given in Lemma 3.21(4). 
Now we consider 5 6 w < g. For g E 1 (mod 6) by Lemma 3.21(2) the case g > 19 
and w dg - 14 remains to be tackled. We first define two sequences {g,/} and {mj} 
recursively where gt = g = 6nt + 1, MI = 4nl + 6 -XI, gj+l = gj - mj = 6ni+l + 1 
and nzj+t = 4n,,+r +6-xj+r, where xj = 6 if nj _ O(mod3), xj = 4 if rzi E 1 (mod3), 
and Xi = 2 if nj z 2 (mod3) for j E Z +. Let r be the least positive integer sat- 
isfying g,+r < w + 14. It is easily checked that mi c O(mod6), 4mj <3(gi + 1) 
and [w/6] + 1 < (2mj - gj - 1)/2 for 1 <j < Y, that is, gj and mj satisfy the con- 
ditions in Corollary 4.4 for 1 < j<r. Since g,.+, < w + 14, we have a 3-HGDD(u, 
s4+, w’ ) by the preceding proof. To obtain the result, we define a recursive construc- 
tion via the gl, where g,+l is such that a 3-HGDD(u, g:+,w’) exists, which allows us to 
construct a 3-HGDD(u, g:w’) by Corollary 4.4 and so on until we have a 
3-HGDD (u, g4w’). 
For g 5 5 (mod6), by Lemma 3.21(3) we only need to consider gb 17 and w< 
g - 12. The result for g = 23 and w E (5,l l} was provided in Lemma 4.6, since a 
3-HGDD (u, 54w’) exists. For the other values of g, we apply Corollary 4.4, as we 
did for g s 1 (mod6) above. Here, the required sequences {gj} and {mj} are defined 
as fOllOWS : 91 = g = 6nl + 5, ml = 4~~1 + 8 -xl, gj+l = gj - mj = 6nj+, + 5 and 
m,+l =4n,j+l+8_xj+l, where Xj = 2 if nj E O(mod3), xj = 6 if nj E 1 (mod3), and 
xj=4ifnjE2(mod3)forjEZ+. 0 
Lemma 5.3. Let u E {4,6}, g E 1,5 (mod6), and w odd satisfying 1 bw < g. Then 
there exists a 3-HGDD (u, g*w’ ). 
Proof. When g E 1 (mod6), the result was given in Lemma 3.22( 1). 
When g z 5 (mod6), the result for g E (5,l l} was provided in Lemma 3.22(2). 
For g> 17 and # 23, we can apply Corollary 4.5 to obtain the desired HGDD, 
proceeding as in Lemma 5.2, where gj= gj_r - mj_l= 6nj + 5 (gt = g) and 
mj= 6(nj-[nj/31 + 1). For g = 23, we only need consider 9<w < 23 by Lemma 
3.22(2). The result follows from Lemma 4.7, since we have already constructed a 
3-HGDD(u, 5%‘). 0 
Lemma 5.4. Let u E {4,6}, g odd, t 2 4 even and w odd satisfying 1 <w < g(t - 1). 
Then there exists a 3-HGDD (u, g’w’). 
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Proof. When g E 3 (mod6) or t s 0 (mod6), apply Construction 3.1 to a 3-GDD of 
type g’w’ from Lemma 3.3, using a 3-HGDD(u, 13). 
When g E 1,5 (mod6) and t E 4,2 (mod6), by Lemma 5.2 we need only consider 
t > 8. Applying Construction 4.12( 1) with 3-HGDDs(u, (2g)‘j2(w - 9)‘) (Lemma 5.1) 
and (u, g3) takes care of the case gGwdg(t - 1). When 1 dw < g, Lemma 5.3 
handles t = 8. For t 2 10, since t - 4 E 0 or 4 (mod 6), the result can be obtained by 
applying Construction 4.12(2) with 3-HGDDs(u, gtP4(4g + w)‘) and (u, g4w’). 0 
The foregoing can be summarized into the following theorem. 
Theorem 5.5. Let u E {4,6}, g> 1, t 23 and w<g(t - 1). Then there exists a 3- 
HGDD(u, g’w’) if and only if gt E w - g z O(mod2). 
6. Existence of 3-HGDDs(5, g’w’) 
In this case since we only consider g # w, by Lemma 1.3 a 3-HGDD(5, gfwl) exists 
only if g 3 1, t > 3, w <g(t - 1) and one of three cases: 
Case 1: t = 0(mod3); 
Case 2: t E 1 (mod3) and g E 0 (mod3) or w E 0(mod3); 
Case 3: t s 2 (mod3) and g z O(mod3) or g E w (mod 3). 
Case 1: t = O(mod3) 
Lemma 6.1. Let g> 1 and w<2g. Then there exists a 3-HGDD(5, g3w1), 
Proof. For g ~(1, 2, 3, 4, 6}, Lemmas 2.3, 2.4 and 3.23 take care of all desired 
designs. 
For g E { 10, 14, 18, 22}, apply Construction 4.8 to a TD(6, g/2), using 3-HGDDs(5, 
23wj) for i = l,..., g/2, where O<wi<4. 
For the remaining g, we can apply Construction 4.8 to a TD(6, g), using a 3- 
HGDD(5, 13wj ) with 0 d w; <2, 1 <i < g, to get the desired result. 0 
Lemma 6.2. Let g> 1 and w<5g. Then there exists a 3-HGDD(5, g6w1). 
Proof. When g < w <5g, the result is obtained by applying Construction 4.12(l) with 
3-HGDDs(5, (2g)3(w - 9)‘) from Lemma 6.1 and (5, g3). 
When w < g, all the values of g E{ 1, 2, 3, 4, 6) are covered by Lemmas 2.3 
and 3.25 except for (g,w) = (3,2), which is taken care of by Construction 4.1 with 
parameters (K, t,r,k,u,h,m,n,w) = ({3},6,2,3,5,3,1, 1,2). For g E {10,14,18,22}, 
since there exist a TD(6, g/2) and a 3-HGDD(5, 26wr) for 0 <wi < 10 (1 <i <g/2), 
the conclusion holds by Construction 4.8. For the other values of g, the desired designs 
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can be obtained by applying Construction 4.8 to a TD(6, g) with a 3-HGDD(5, 1%;) 
where O<wi<5, l<i<g. 0 
To obtain the result, we first prove the following theorem. 
Theorem 6.3. Let g s O(mod3), 923, t 23 and w <g(t - 1). Then there exists a 
3-HGDD(5, g’w’ ). 
Proof. When t $! (3, 4, 6, 10, 14, 18, 22}, apply Construction 4.9 to a TD(6, t) with 
3-IGDDs of types (g + Uj, Uj)5 (Lemma 3.9), where 0 <uj <g for j = 1,. . . , t - 1. 
Lemmas 6.1 and 6.2 give the result for t E {3,6}. For t=18, apply Construction 
4.12 (1) with 3-HGDDs(5, (3g)‘jwf) and (5, g3wl), where WI + w2 = w. 
For t E {10,14,22}, apply Construction 4.12(l) with 3-HGDDs(5, (2g)‘j2(w - g)‘) 
and (5, g3) to handle the case g < wdg(t - l), and apply Construction 4.12(2) with 
3-HGDDs(5, gte3(3g + w)‘) and (5, g3w1) to handle the case w < g. 
Finally, we deal with the case t = 4. When g E {3,6, 9,12,18}, the result was 
given in Lemma 3.24. When g E {30,42,54,66}, the result is obtained by apply- 
ing Construction 4.8 to a TD(6, g/6) with a 3-HGDD(5, 6’wf) for 1 <i<g/6, where 
0 <wi < 6( t - 1). For the other g, take a TD(6, g/3) and apply Construction 4.8 with 
3-HGDDs(5, 3’~:) for i = 1 ,..., g/3, where O<wid3(t- 1). 0 
Theorem 6.4. Let g> 1, t =: O(mod3), t 23 and w dg(t - 1). Then there exists a 
3-HGDD(5, g’w’). 
Proof. The result for t E {3,6} was given in Lemmas 6.1 and 6.2. For t > 9, we take 
a 3-HGDD(5, (3g)“‘3wf) from Theorem 6.3 and a 3-HGDD(5, g3wi) from Lemma 6.1, 
where WI + w2 = w, then apply Construction 4.12(l). 0 
Case 2. t E 1 (mod3). 
When g = 1 or 2, it is convenient to deal with t E 1 and 2 (mod3) together. 
Lemma 6.5. Let t 34, w< t - 1. Then there exists a 3-HGDD(5, 1’~‘) whenever 
(1) t 3 1 (mod3) and w F 0(mod3); or 
(2) t = 2(mod3) and w = 1 (mod 3). 
Proof. By Lemma 2.1 the case w < (t - 1)/4 remains to be handled. Apply Construction 
4.12(2), using 3-HGDDs(5, 1’-(“f1)(2w+1)1) from Theorem 6.4 and (5, l”+‘w’) from 
Lemma 2.1, to obtain the required HGDD. 0 
Lemma 6.6. Let t 34, w <2(t - 1). Then there exists a 3-HGDD(5, 2’~‘) whenever 
(1) t E 1 (mod 3) and w = 0 (mod 3); or (2) t - w E 2 (mod 3). 
Proof. By Lemma 2.2 the case w <(t - 1)/2 remains to be tackled. 
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For t = l(mod3) and w = O(mod 6) or t = 2(mod3) and w = 2(mod6), take a 
3-GDD of type 2%’ from Lemma 3.3, then apply Construction 3.1. 
For the other cases, the desired result, except for (t,w) E ((7, 3), (10, 3), (11, 
5), (19, 9)}, is obtained by filling the large hole of a 3-HGDD(5, 2’(2w + 5)‘) (I = 
t-(w+3)/2- 1) from Theorem 6.4 with a 3-HGDD(5, 2(w+3)~2+‘w1) from Lemma 2.2. 
The result for (t, w) = (7,3) or (11, 5) was given in Lemma 2.3. For (t,w) = (10,3) 
or (19, 9) fill the large hole of a 3-HGDD(5, 279’) or (5, 21321’) (Lemma 2.2) with 
a 3-HGDD(5, 233’) or (5, 269’). 0 
Lemma 6.7. Let t E l(mod3), t>4, w E 0 (mod3) and w64(t - 1). Then there 
exists a 3-HGDD(5, 4%’ ). 
Proof. For w<t - 1, take a B({3,4}, 1; t) from Lemma 3.5, then apply Construction 
4.11 with K-HGDD(K, 14) for k = 3, 4 to create a {3,4}-HGDD(t, 14). The result is 
then obtained by applying Construction 4.1 with (K, I-, k, u, m, n) =({3, 4}, 3, 3, 5, 
1, l), h E {3,4} and the given t, w. 
Now we consider t - 1 < w <4(t - 1). When t = 4, the result for w = 6 or 
12 can be obtained by applying Construction 3.1 to a 3-GDD of type 44w’ (Lemma 
3.3). The result for w = 9 was given in Lemma 2.3. When t E {10,22}, we hrst 
apply Construction 4.8 to a TD(6, 8) with 3-HGDDs(5, 1’j2w:) from Theorem 1.1 and 
Lemma 2.1 for i = 1,. . . ,8, where w’ + . . . + wg = w - 4, to create a 3-HGDD(5, 
8’12(w-4)‘). Since there exists a 3-HGDD(5, 43), the conclusion holds by Construction 
4.12( 1). For the remaining values of t, apply Construction 4.9 to get the result, using 
a TD(6, t) and a 3-IGDD of type (4 + wi, wi)’ (Lemma 3.9), where wi E { 1,4} for 
l<i<t-1. 0 
Theorem 6.8. Let t E 1 (mod 3) and t 3 4. Then there exists a 3-HGDD(5, g”w’ ) if 
(i) g E 0(mod3) and w<g(t - 1); or 
(ii) g z 1,2(mod3), w = 0 (mod3) and w<g(t - 1). 
Proof. The result for case (i) follows from Theorem 6.3. For g = 1, 2 or 4, the required 
designs were given in Lemmas 6.56.7. For g = 10, 14 or 22, apply Construction 4.8 
to a TD(6, g/2) with 3-HGDDs(5, 2”wj), i = 1 , . . . , g/2. For the other values of g, 
apply Construction 4.8 again to a TD(6, g) with 3-HGDDs(5, l’w! ), i = 1,. . , g. ??
Case 3. t z 2 (mod 3) 
Lemma 6.9. Let t E 5 (mod6), w = 1 (mod 3) satisfying 1 <w<4(t - 1). Then there 
exists a 3-HGDD(5, 4’~’ ). 
Proof. For l,<w<t - 1, apply Construction 4.1 with (K,r,k,u,h,m,n)= 
({3}, 3, 3, 5, 3, 1, 1) and the stated t, w. For t - 1 < w 64(t - 1 ), apply Con- 
struction 4.9 to a TD(6, t) with 3-IGDDs of type (4+w,, w~)~ for i = 1,. . . , t - 1, where 
Wi E {1,4}. 17 
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Lemma 6.10. Let g G w E 1,2 (mod3) and 1 <w < g. Then there exists a 3- 
HGDD(5, g’w’). 
Proof. Applying Construction 4.9 to a TD(6, 5) with a 3-IGDD of type (g + Ui,Ui)’ 
from Lemma 3.9 for 1 <i < 4, we can establish the result for 4a d w < g, where a = 1 
if g E 1 (mod3) and a = 2 if g - 2 (mod3). Now we consider the case 0 < w < 4a. 
When g - l(mod3) and w = 1, take (K,t,r, k,u,h,m, n,w) = ({3},5,g- 1,3,5, 
3,1,1,1) in Construction 4.1. 
When g E 2 (mod6), g>8 and w = 2 or 5. The result follows from Construction 
4.1 with (K,t,r,k,u, h,m,n)=({3},5,g/2- 1,3,5,3,2,2) and w=2 or 5. 
Finally, we consider g E 5 (mod6) and w = 2 or 5. The conclusion for g = 
5 and w = 2 holds by Lemma 2.3. When g = 11, we take (K,t,r,k,u,h,m,n) = 
({5},5,4, 3,5,5,2,3) d an w = 2 or 5 in Construction 4.1 to get the desired result, 
where a 5-HGDD(5, 15) is obtained from an RTD(5, 5) and the other auxiliary designs 
exist by Theorems 6.3, 6.8 and Lemma 6.6. When g = 6e + 5 > 17, we again apply 
Construction4.1 with(K,t,r,k,u,h,m,n)=({5}, 5,2e,3,5,5,3,5)andw=2or5.A11 
auxiliary designs exist by Lemmas 2.3, 3.4 and Theorem 6.3. ??
Theorem 6.11. Let t E 2 (mod3), t 25, g > 0 and w Gg(t - 1). Then there exists a 
3-HGDD(5, gtwl) whenever g E O(mod3) or g E w - 1,2 (mod3). 
Proof. By Theorem 6.3 and Lemma 6.10 we need only consider g E w E I,2 (mod3) 
and t&8. 
When g < w <g(t - 1 ), the result for t s 2 (mod 6) follows from applying Con- 
struction 4.12(l) with 3-HGDDs(5, (2g)‘/2(w - 9)‘) from Theorem 6.8 and (5, g3). 
For t s 5 (mod6), the cases when g E { 1,2,4} have been handled in Lemmas 6.5, 6.6 
and 6.9; when g E {10,14, 22}, apply Construction 4.8 to a TD(6, g/2), where the 
required 3-HGDD(5, 2lw! ) (1 d i <g/2) comes from Lemma 6.6. For the other values 
of g, apply Construction 4.8 to a TD(6, g) with 3-HGDDs(5, 1’~:) from Lemma 6.5 
for i = l,...,g. 
When w < g, the conclusion holds by Construction 4.12(2), since there exist 3- 
HGDDs(5, gtM3(3g + w)‘) formed above and (5, g3w’) by Theorem 6.4. 0 
Summarizing the results in Theorems 6.4, 6.8 and 6.11, we have proved 
Theorem 6.12. Let g, t and w be nonnegative integers. Then there exists a 3-HGDD(5, 
gtwl) if and only if t>3, gt(g(t - 1) -w) = 0(mod3) and wdg(t - 1). 
7. Main result 
In this section, we shall prove that the necessary conditions for the existence of a 
3-HGDD(u, g’w’ ) are also sufficient. 
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Lemma 7.1. Let 2.423, t>3, g > 0, w<g(t - I), u E 2(mod6), gt E w-g 3 
O(mod2), gt(g(t - 1) - w) E 0 (mod3). Then there exists a 3-HGDD(u, g’w’). 
Proof. By Lemma 3.3 we have a 3-GDD of type g’w’ . Therefore, we can get the 
result by applying Construction 3.1 with a 3-HGDD(u, 13) 0 
Lemma 7.2. Let ~23, g > 0, t>3, u s 1,3(mod6) and w<g(t - 1). Then there 
exists a 3-HGDD(u, g’w’). 
Proof. Since u E B((3)) by Lemma 3.5, the conclusion follows from Theorem 1.2 
and Construction 4.11. ??
Lemma 7.3. Let u>,3, t 23, g > 0 and w be integers satisfying u = 0,4 (mod6), 
gt E w - g 3 0(mod2) and w<g(t - 1). Then there exists a 3-HGDD(u, g’w’). 
Proof. Since u E B({3,4,6}) by Lemma 3.5 and a 3-HGDD(u,g’w’) for UE {3,4,6} 
exists by Theorems 1.2 and 5.5, we can apply Construction 4.11 to obtain the result. 
0 
Lemma 7.4. Let u 3 3, t 23, g > 0 and w be integers satisfying u E 5 (mod6), 
gt(g(t - 1) -w) E 0 (mod 3) and w dg(t - 1). Then there exists a 3-HGDD(u, g’w’). 
Proof. By Lemma 3.5 we have u E B({3,5}). By Theorems 1.2 and 6.12, we have 
a 3-HGDD(u,g’w’) for u E {3,5}. The result is then obtained by Construction 
4.11. 0 
Combining the above results with Theorem 1.1 and Lemma 1.3, we have proved 
Theorem 7.5. Let u, t, g and w be nonnegative integers. The necessary and sujicient 
conditions for the existence of a 3-HGDD(u, g’w’) are that 
(1) ug3,t=2 andg=w; or 
(2) u33,t>3,Ogw<g(t - l),gt(u - 1) = O(mod2), (U - l)(w - g) = 0 (mod2) 
and gtu(u - I)(g(t - 1) -w) 3 O(mod3). 
Appendix 
1. The base blocks of the HGDDs in Lemma 2.3: 
(g,fw) = u,3,2): 
{wb’),O,, I‘$); {cm~),O*, 13); {x+)? 11,041; C@> 12rO3). 
(g, t, ~1 = (2>6> 1): 
c+),o, 24); {A’) 02,23}; {00.84,91); {00>111,33h 
j0~,7~,I&); {00~8,‘,13}; {00>54>11); {00,31,53). 
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(9, t, w) = (2,7,3): 
{co(‘),0,,44}; {cd’),o*,l~); {oof),01,34); {+02>83); 
P P {qy,O1,24~; {co,“, 02,10x}; {00,84,131); {00>21>63h 
{00>94,121); {00,31,53h {00,104,111}; {00>91,13). 
(g,t,w) = (2,11,5): 
{cd2),0,,24}; {d2),02r123}; 
P rO2rl33); {~$0,,54); {&02>143}; P 
,02,153}; {Oo,l24,2l1); {00>21,103}; 
{Oo>l34,201}; {00,31>93); {00,144,l91}; {00>41,83); 
{Oo,l54,l81); {00,51>73); {Oo,l64,l71}; {Oo,l61,43), 
(g,t,w) = (3,3,6): 
(g,t,w) = (4,429): 
w,w) = (5,5,2): 
{c#),7,,04}; {+j?O2>43}; {c$2l,,O4); {+02>93); 
{00,184,19,}; {00,3,,ll3}; {Oo,l44,231}; {00~61,83); 
{00,134&}; {Oo,l81,2l3); {00,44,l1); {00>221,93); 
{00,84,l41); {00>131,l3), {00>94r21); {00,81,63). 
2. The base blocks of the HGDD in Lemma 2.4: 
(g,t,w) = (2,3,1): 
(g,t,w) = (3,3,4): 
{+(l>O)2>(0,0)3h '=&$$;;;;f 
{~~~,,(l:2)1,(0.2)4}; { 7 ) 2 
{w8,,.(1,l)2,(0,0)3}; {my,,> "' (O:l),,(l,2)4}; 
{~pz,:(0,2)~,(l.0)4}; {CC ,(1,0).1t(O,~hk 
ioc~,,(O,O)2,(',0)3}; iCQ '02',(0,1)1,(l,1)4}; 
"' {00p3).(l,2)1.(0.0)4}: imy,,,( > 0 lh,(l,2)3); 
{~p,,,(l,2)2,(0,0)3}; {"y .(0,1)1,(1,0)4); 
{coo ,(0,2)1,(l,l)4); +,3'>(1~l)2>(0>2)3); 
{(0,2),,(1,0),,(2,2)2}; {(0,1)o,(l,O)2,(2,1)4}; {(O>O)o,(l~1)1>(2>0)2); {(0>2)o,(l,1)2,(2,2)4). 
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3. A (3, 5}-GDD of type 3312 
points: Z9 U {x, y} 
groups: { (0, 1, 2), 13, 4, 5}, 16, 7, 81, 1x1, 1~) ] 
blocks: {x> 1, 4), {x, 2, 7}, {x> 5, 8), {y, 1, 8), {Y. 2, 5), {Y, 4, 7}, (0, 4, 8), (0, 7, 5)s 
(1, 3, 7), (1, 5, 6), (2, 3, 81, (2, 4, 61, (0, 3, 6, x> Y}. 
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